Results and discussion

Problem description Abstract
In this paper we study unimodal maps on the closed unit interval, which have a stable period 3 orbit and an unstable period 3 orbit, and give conditions under which all points in the open unit interval are either asymptotic to the stable period 3 orbit or land after a finite time on an invariant Cantor set Λ on which the dynamics is conjugate to a subshift of finite type and is, in fact, chaotic. For the particular value of μ =3.839, Devaney [3] , following ideas of Smale and Williams, shows that the logistic map has this property. In this case the stable and unstable period 3 orbits appear when μ= μ 0 = 1 + . We use our theorem to show that the property holds for all values of μ>μ 0 for which the stable period 3 orbit persists.
Period 3 plays an important role in the theory of one-dimensional dynamical systems. Sharkovsky [7] shows that if a continuous map has an orbit of period 3, it has orbits of all periods. Li and Yorke [6] show that if a continuous map has an orbit of period 3, then it also exhibits chaotic behavior. When μ= μ 0 = 1 + , the third power of the logistic map undergoes a tangent bifurcation in which a pair of period 3 orbits for f, one stable and one unstable, is created. For the particular value of μ=3.839 > μ 0 , Devaney [3] , following ideas of Smale and Williams, shows that all points in the open unit interval are either asymptotic to the stable period 3 orbit or land after a finite time on an invariant Cantor set Λ on which the dynamics is conjugate to a subshift of finite type and, in fact, chaotic. Of course, Devaney's argument would work for values of μ near 3.839.
We consider unimodal maps f on [0,1] with a stable orbit of period 3 and an unstable orbit of period 3. The problem is what conditions are needed in ensure to that all points in (0,1) are either attracted to the stable period 3 orbit or after a finite time enter a compact invariant set Λ, the dynamics on which is conjugate to a subshift of finite type.
Conclusions References
We consider unimodal maps f on [0,1] with a stable orbit of period 3 and an unstable orbit of period 3, having negative Schwarzian derivative and satisfying f'(0) > 1. Then we show that f 3 has exactly 8 fixed points (the periodic orbits and two fixed points of f) and that these and the critical points of f 3 have exactly two possible orderings. The ordering plays a key role in the rest of the paper. Next we find the immediate basin of attraction of the stable period 3 orbit and show that all points in (0,1) are either attracted to the stable period 3 orbit or after a finite time enter a compact invariant set Λ, the dynamics on which is semi-conjugate to a subshift of finite type. It remains an open question whether, in general, this is a conjugacy or not. However under the additional condition of symmetry and a condition on the derivative at certain points, we are able to show Λ is hyperbolic and hence deduce that we have a conjugacy. Last we show that these additional conditions are satisfied by for all values of μ>μ 0 for which the stable period 3 orbit persists, that is for μ 0 < μ< μ 1 3.841499008 , where at μ=μ 1 the stable period 3 orbit undergoes a period doubling bifurcation .
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The main contribution of this article is to show that the phenomenon observed by Devaney for the quadratic map occurs for a wide class of maps. The main results are the following two theorems: 1. Let f be a C 3 unimodal map with a stable period 3 orbit and an unstable period 3 orbit satisfying S(f) < 0 and f'(0) > 1. Let be the set Λ defined above. Then there is a semi-conjugacy between and , that is, g is a continuous surjective map satisfying .
2. Let f be a symmetric (f(x) = f(1-x)) C 3 unimodal map with a stable period 3 orbit and an unstable period 3 orbit satisfying S(f) < 0 and f'(0) > 1. Then f has a unique orbit (x * ; f(x * )) with minimal period 2 such that x * < 0.5. Suppose also that . Then Λ as defined above is hyperbolic and the map g above is a homeomorphism and therefore a conjugacy.
We also found other maps, which are not concave like μx(1-x) , which satisfied the conclusion of our theorem. For example, the map )] 1 ( 75
